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The classification of the finite simple groups has shown that most of the
finite simple groups possess a natural representation as a flag transitive
automorphism group of a suitable geometry; conversely, a successful treat-
ment of larger classes of geometries can often be ensured only under addi-
tional algebraic hypotheses, for instance the existence of an automorphism
group with certain transitivity properties. We thus may ask whether a flag
transitive automorphism group of a finite geometry is again (more or less)
simple or, on the contrary, may have an enriched normal structure.
If the underlying geometry is strongly determined by the structure of a
simple group, one should expect the question to be answered in the affirm-
ative: G. M. Seitz [10; Theorem A] has shown that, apart from a few
exceptions, F*(G)$F*(C) whenever G is a flag transitive automorphism
group of a building 2 which belongs to a finite Chevalley group C of
normal or twisted type.
Assume that 2 is of type An with 2n. Then we may identify the
automorphisms of 2 naturally with those of the 2-design D defined by 2
and consisting of the points and hyperplanes of 2. As the flags of D are
precisely the flags of type [1, n] of 2, a flag transitive automorphism group
of 2 certainly acts flag transitively also on D. It is remarkable that already
this weaker flag transitivity yields the conclusion of Seitz’s result (in the
case An , 2n). More precisely, for each integer n with 2n, for each
prime power q, and for each flag transitive automorphism group G of a
2-design isomorphic to Pn&1(n, q), we have F*(G)$PSLn+1(q), provided
that (n, q)  [(2, 2), (2, 8), (3, 2)].
With regard to the question brought up in the beginning this result fits
in a more general framework. For the parameters r and * of a 2-design
isomorphic to Pn&1(n, q), we have r=qn&1+ } } } +q+1 and *=
qn&2+ } } } +q+1; in particular, r and * are coprime. On the other hand,
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in [11] it is shown that, for each flag transitive automorphism group G of
a 2-design D with (r, *)=1, F*(G) is either a non-abelian simple group or
an abelian minimal normal subgroup of G acting point regularly on D.
The starting point of the present paper is the investigation into the
above-mentioned question for arbitrary 2-designs. The main results are the
following three theorems.
Theorem 2.5. Let G be a flag transitive automorphism group of a
2-design. Let R be a point regular normal subgroup of G.
Then |?(R)|2.
Assume that |?(R)|=2. Then either R is nilpotent with 8(R)=1 or F(R)
is a minimal normal subgroup of G with ( |F(R)|, |RF(R)| )=1.
Theorem 2.5 follows in a natural way from the solvability of groups
which admit a fixed-point-free p-group of automorphisms. At the moment,
this fact, for its part, seems to depend on the classification of the finite
simple groups.
The knowledge of the structure of point regular normal subgroups can
be extremely useful as we shall see in the (short) proof of the following
consequence of Theorem 2.5.
Theorem 3.2. A flag transitive automorphism group of a 2-design
possesses at most one conjugacy class of components, provided that its Fitting
subgroup is not a p-group.
Theorem 2.5 raises a number of questions.
Clearly, there exist canonical examples with |?(R)|=1: Let G be a
doubly transitive permutation group on a finite set X. Let x # X, and let
KG be such that [x]{xK=: j and | j ||X|&2; set B := j G. Then
(X, B) is a 2-design on which G acts flag transitively. If G possesses a
regular normal subgroup R, then |?(R)|=1.
On the other hand, only one 2-design is known which possesses a flag
transitive automorphism group with a point regular normal subgroup R
such that |?(R)|{1. This 2-(45,12,8)-design which has been described in
[3] will be denoted by D45 . We shall briefly recall its construction at the
beginning of Section 4.
The third of our main results is the following characterization of D45 .
Theorem 5.8. Let D be a 2-design. Assume that D possesses a flag
transitive automorphism group with a point regular nilpotent normal sub-
group which is not a p-group.
If one of the (two) factor configurations of D is not a 2-design, then
D$D45 .
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The proof of Theorem 5.8 will be given in the last two sections of the
paper. At its heart, a standard group theoretical argument leads us in a
natural way to an application of Zsigmondy’s celebrated theorem on
primitive prime divisors [12]. The dominant role of Zsigmondy’s theorem
in our proof may be an explanation for the sporadic nature of D45 .
Before defining factor configurations we mention a corollary of Theorem
5.8 which generalizes the geometric part of [3; Theorem 3.6].
Corollary 5.9. Let D be a 2-design. Assume that D possesses a flag
transitive automorphism group with a point regular normal subgroup of order
peq, where p and q are primes with p{q and e # N"[0].
Then D$D45 .
1. Preliminaries
The terminology and notation of this paper is standard and will follow
that of [1] or [5]. In addition, all tactical configurations (X, B, I) are
assumed to be reduced; this means that (h)=( j) implies h= j for all
h, j # B. In particular, we shall write # instead of I and (X, B) instead of
(X, B, I ).
Let D :=(X, B) be a 2-design, and let G be a flag transitive
automorphism group of D. Let x # X, and let S be a subgroup of G such
that Gx=: H<S<G.
Define X
*
:=xS, B
*
:=[X
*
& h b h # B]"[<], D
*
:=(X
*
, B
*
), and v
*
:
=|X
*
|. It is not hard to see that D
*
is either a 2-design or a tactical
configuration of type (v
*
&1, v
*
&1); moreover, SkerH(S) acts flag trans-
itively on D
*
. D
*
will be called the (tactical) subconfiguration of D which
belongs to S.
Similarly, set X* :=[X g
*
b g # G], and define .(h) :=[ y # X* b
y & h{<] for each h # B. Set B* :=.(B), D* :=(X*, B*), and v* :=|X*|.
Then, by [3; Proposition 2.3], D* is either a 2-design or a tactical con-
figuration of type (v*&1, v*&1); in both cases, GkerS(G) acts flag trans-
itively on D*. D* will be called the (tactical) factor configuration of D
which belongs to S.
The lattice of the subgroups of G containing H is restricted by the
arithmetical conditions given in the following lemma.
Lemma 1.1. Let D be a 2-design on v points with block size k, and let G
be a flag transitive automorphism group of D.
Let H be a one-point stabilizer of G, and let S be a subgroup of G
such that H<S<G. Set v
*
:=|S : H| and v* :=|G : S|. Let k
*
(respectively
k*) denote the block size of the subconfiguration (respectively factor con-
figuration) of D which belongs to S.
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Then the following conditions hold.
(i) v=v
*
v* and k=k
*
k*.
(ii) (v&1)(k
*
&1)=(k&1)(v
*
&1).
(iii) v
*
(k
*
&1)(v*&1)=k
*
(v
*
&1)(k*&1).
(iv) k
*
<k*.
Proof. (i) is obvious; (ii) is contained in [3; Proposition 2.1];
(iii) follows from (i) and (ii); (iv) is contained in [3; Lemma 2.2(iii)]. K
Proposition 1.2. Let G be a flag transitive automorphism group of a
2-design. Let H be a one-point stabilizer of G, and let S and T be subgroups
of G.
(i) If H<S<T<G, then |T : S|<|G : T |.
(ii) If H<S & T and ST=TS, then we have ST or TS.
Proposition 1.3. A flag transitive automorphism group G of a 2-design
satisfies |?(F(G))|2.
Proposition 1.4. Let G be a flag transitive automorphism group of a
2-design, and let H be a one-point stabilizer of G.
If F(G) is not a p-group, then the following conditions hold.
(i) 8(F(G))=1.
(ii) Each H-invariant subgroup E of G with E$=ECG(F(G)) and
E H satisfies HF(G)<HE.
The proofs of the three propositions are given in [3; Lemma 2.4],
[3; Theorem 2.5], and [3; Theorem 2.5(i), (iii)], respectively.
The following general result will be needed only in the proof of Proposi-
tion 4.6.
Lemma 1.5. Let D :=(X, B) be a 2-design, and let G be a flag transitive
automorphism group of D. Let G Sym(X) with GG , and set B :=
[h g b h # B, g # G ] and D :=(X, B ).
Then D is a 2-design on which G acts flag transitively.
Proof. Set B g :=[h g b h # B] for each g # G . Then (X, B g) is a 2-design.
Since G acts transitively on B , |[g # G b j # B g]| does not depend on the
choice of j # B . Thus, D is a 2-design.
It follows from the definition of B that G acts flag transitively on D . K
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2. The Trichotomy
The aim of this section is Theorem 2.6. We start with an elementary
consequence of the classification of the finite simple groups. As usual, a
group of automorphisms A of a group R is said to be fixed-point-free if
CR(A)=1.
Theorem 2.1. A finite group admitting a fixed-point-free p-group of
automorphisms is solvable.
Proof. Assume that the theorem is false, and let R be a counterexample
of minimal order. Then there exist a prime p and a subgroup P of Aut(R)
such that ?(P)=[ p] and CR(P)=1.
In view of the choice of R together with [1; (18.7)(4)] there exist
subgroups T1 , ..., Tm of R and a non-abelian simple group E such that
R=T1_ } } } _Tm
and E$Ti for all i # [1, ..., m]. For each i # [1, ..., m], we fix an
isomorphism .i : E  Ti .
Let C1 , ..., Cs denote the non-trivial conjucacy classes of Aut(E) con-
tained in E.
Choose u # [1, ..., s] and e # Cu . Define
d := `
m
i=1
e.i.
Let Du denote the conjugacy class of Aut(R) which contains d, and set
Ku :=C .1u } } } C
.m
u .
Let g # Ku . Then there exist c1 , ..., cm # Cu such that
g= `
m
i=1
c.ii .
Every ci is conjugate to e in Aut(E). Thus, for each i # [1, ..., m], there
exists :i # Aut(Ti) such that e.i :i=c.ii . On the other hand, by [6; Satz 12],
there exists : # Aut(R) such that e.i:=e.i:i for each i # [1, ..., m]. It follows
that g=d : # Du .
Thus, we have Ku Du .
Conversely, let g # Du . Then there exists : # Aut(R) such that g=d :.
A second application of [6; Satz 12] yields that, for each i # [1, ..., m],
there exists :i # Aut(Ti) such that e.i :=e.i :i. This implies that g # Ku .
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We conclude that
Du=Ku (2.1)
for each u # [1, ..., s].
Assume that m{1. Let S # Sylp(Aut(E)). Then the choice of R implies
that CE (S){1. Thus, there exists u # [1, ..., s] such that p does not divide
|Cu |. By (2.1), this implies that p does not divide |Du | , contrary to our
assumption CR(P)=1.
Thus, we have m=1 which means that R is a non-abelian simple group.
As R is a p$-group, R is neither sporadic, see [2], nor alternating. There-
fore, by the classification theorem of the finite simple groups, R must be a
simple group of Lie type. Thus, by [8; Theorem 4.237], we may assume
that P is a group of field automorphisms of R. In particular, if R is defined
over a field of characteristic q, then we get the contradiction
1{(xr(t) b tq&1=1) CR(P),
where the notation stems from [4; p. 200]. K
Lemma 2.2. Let D :=(X, B) be a non-degenerate tactical configuration,
and let j # B and x # j. Let G be a flag transitive automorphism group of D.
A necessary and sufficient condition for D to be a 2-design is that there
exists / # Q with 1</ such that |Y|=/ |Y & j | for each orbit Y of Gx in
X"[x].
Proof. Let Y be any orbit of Gx in X"[x], and choose y # Y. Obviously
we have [x, y]=[x, z] for each z # Y. Moreover, the flag transitivity of G
on D yields |Y & j |=|Y & h| for all h # (x).
Counting in two different ways the flags (z, h) of D with z # Y and h # (x)
we get
|Y| [x, y]=[x] |Y & j |.
From this equation one may easily deduce the assertion. K
Proposition 2.3. A point regular normal subgroup of a flag transitive
automorphism group of a 2-design is solvable.
Proof. Let G be a flag transitive automorphism group of a 2-design D,
say, and let X denote the point set of D. Let x # X, and define H :=Gx .
By Lemma 2.2, there exists a prime p such that p | |Y| for each orbit Y
of H in X"[x]. Let P # Sylp(H).
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Let u # R>, and set Z :=xuH. For each h # H, we define
$(uh) :=xuh.
Since R acts regularly on X, $ : uH  Z is a bijection. Thus, p | |uH| and
therefore P CH(u).
We conclude that P is a fixed-point-free group of automorphisms of R.
Thus, the desired conclusion follows from Theorem 2.1. K
Lemma 2.4. Let V and W be elementary abelian groups of coprime
order. Assume that W acts faithfully on V.
Then |W||[V, W]|.
Proof. Let p and q be primes with p{q, and let e, f # N"[0] be such
that |[V, W]|= pe and |W|=q f. By Maschke’s Theorem [7; Theorem
3.3.1], [V, W] is a direct product of irreducible W-modules V1 , ..., Vn .
Now [7; Theorem 3.2.2] yields |WCW (Vi)|=q for all i # [1, ..., n]. This
forces f n.
Define m :=min[ |V1| , ..., |Vn |]. Then we have qm&1< pen which
implies q fqn< pe. K
Theorem 2.5. Let G be a flag transitive automorphism group of a
2-design. Let R be a point regular normal subgroup of G.
Then one of the following holds.
(a) R is a p-group .
(b) |?(R)|=2, R is nilpotent, and 8(R)=1.
(c) |?(R)|=2, and F(R) is a minimal normal subgroup of G with
( |F(R)|, |RF(R)| )=1.
Proof. First of all, we shall prove the following assertion:
(V) Let M \G be such that 1{MR. Then RM is nilpotent.
Let G be a group of least order for which (V) is false. Then there exists
M \G with 1{MR such that RM is not nilpotent. Choose a normal
subgroup Z of G with ZR such that V :=ZM is a minimal normal
subgroup of GM. Then, by Proposition 2.3, ZCR(V).
Our minimal choice of G forces RZ to be nilpotent. This yields
CR(V){R. In particular, there exists S \G with SR such that
W :=SCR(V) is a minimal normal subgroup of GCR(V). By Proposition
2.3, W must be elementary abelian.
As G acts irreducibly on V, ( |V|, |W| )=1. Now Lemma 2.4 yields
|W|<|V|, contrary to Proposition 1.2(i).
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This contradiction proves (V).
If R is nilpotent, we are done by Propositions 1.3 and 1.4(i).
If R is not nilpotent, then, by (V), R contains exactly one minimal nor-
mal subgroup M of G which, by Proposition 2.3, must be abelian. Clearly,
this implies |?(F(R))|=1. On the other hand, from (V) and Proposition
1.2(ii) we may conclude that |?(RM)|=1. This yields (c). K
As indicated in the introduction, no non-nilpotent point regular normal
subgroup of a flag transitive automorphism group of a 2-design is known
at the present moment. There exist some further results on case (c) of
Theorem 2.5 which seem to point to the fact that flag transitive
automorphism groups of 2-designs cannot contain non-nilpotent point
regular normal subgroups. We hope to deal with this question in a
forthcoming paper.
3. On the Generalized Fitting Subgroup
By Proposition 1.3, we have |?(F(G))|2 for each flag transitive
automorphism group G of a 2-design. In the case |?(F(G))|=2 it is
possible to reduce the structure of E(G) severely. This will be done in
Theorem 3.2 the proof of which shows the usefulness of the results of
Section 2.
Lemma 3.1. Let G be a flag transitive automorphism group of a 2-design,
and let H be a one-point stabilizer of G.
If F(G) is not a p-group, then each H-invariant subgroup E of G with
E$=ECG(F(G)) and E H satisfies CG(E)HF(G).
Proof. Set F :=F(G) and C :=CG(E).
By assumption, HFHC. Furthermore, by Proposition 1.4(ii), HF
HE. Thus, by Proposition 1.2(ii), we must have HCHE or HEHC.
Choose A # [C, E] such that HA=HC & HE. Then we have
H & A \A. (3.1)
By assumption, there exists a 2-design D on which G acts flag trans-
itively. Let D
*
denote the subconfiguration of D which belongs to HA.
Define K :=kerH(HA). By (3.1), KAK is a point regular normal subgroup
of HAK. Thus, by Proposition 2.3, KAK is solvable. Since AK & A$
KAK, E$=E implies that
A=C. (3.2)
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From (3.2) we conclude that FA. In particular, KFKF(KAK). By
assumption, |?(F )|=2. Thus, together with Proposition 1.2(ii), Theorem
2.5 yields KFK=KAK. Now the claim follows from (3.2). K
Theorem 3.2. A flag transitive automorphism group of a 2-design
possesses at most one conjugacy class of components, provided that its Fitting
subgroup is not a p-group.
Proof. Assume, by way of contradiction, that G has components L1 and
L2 not conjugate in G. For each i # [1, 2], we define Ei :=(L gi b g # G).
Then [1; (31.5)] and Lemma 3.1 yield
HE1HCG(E2)HF(G),
contrary to Proposition 1.4(ii). K
4. A First Characterization of D45
Let F be the direct product of an elementary abelian group P of order
9 and a cyclic group Q of order 5. Define H :=Aut(F), G :=HF,
A :=CH(Q), and C :=CH(P). (Then H=A_C, A$GL2(3), and C$Z4 .)
Let u, w # P and t # Q be such that P=(u, w) and Q=(t). Finally, let
s # Ct be such that Ct=(s) .
Clearly, G acts on X :=[Hg b g # G] by right multiplication. Define
x :=H,
j :=x(u) _ x(u) s2 _ x(u) ws _ x(u) ws&1,
and K :=Gj . Let h # CA(u) be such that wh=w&1. Then, since
[h, s], [w, s], [u, s] # [AP, CQ]=1,
we have (u, hws) K. On the other hand, we have |hws|=4. Thus,
|(u, hws) |=12=| j |. Since H & (u) =1=H & (hws) , we therefore may
conclude that K acts transitively on j. Define B := j G and D45 :=(X, B).
Then D45 is a non-degenerate tactical configuration, on which G acts as a
flag transitive automorphism group.
It is easy to see that the three orbits xP"[x], xQ"[x], and X"xP"xQ of
H in X"[x] satisfy the equation of Lemma 2.2 (with /=4). Thus, by that
lemma, D45 is even a 2-design.
Note that the construction of D45 does not depend on the choice of u, w,
or t.
The aim of this section is Proposition 4.6, a first characterization of D45 .
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Up to and including Lemma 4.5, let D denote a 2-design on 45 points
with block size k and point set X. Let further G be a flag transitive
automorphism group of D, and suppose F is a point regular nilpotent
normal subgroup of G.
Let x # X and j # (x). Set H :=Gx , K :=Gj , P :=O3(F ), Q=O5(F ),
A :=CH(Q), C :=CH(P), and U :=K & P.
Moreover, let kp (respectively kq) denote the block size of the subcon-
figuration of D which belongs to HP (respectively HQ), and let k( p)
(respectively k(q)) denote the block size of the factor configuration of D
which belongs to HQ (respectively HP).
From Lemma 1.1(ii) we get immediately
k=12, kp=3, and kq=2.
Thus, by Lemma 1.1(i), we must have
k( p)=6 and k(q)=4.
Lemma 4.1. We have U{1.
Proof. Since kp=3, there exist u, w # P> such that
xP & j=[x, xu, xw].
Furthermore, since K acts transitively on j, there exists g # K such that
x g=xu and xug=xw. (4.1)
Finally, since k(q)=4, g # AP. Thus, there exists a # A with g=au. Now
(4.1) implies that xuau=xw and xwau=x. Thus, since P & H=1,
ua=u&1w and wa=u&1. (4.2)
Assume that w  (u).
From (4.2) we may then conclude that, in xP" j, g has only the orbits
[xu&1, xw&1, xu&1w&1] and [xuw&1, xu&1w, xuw].
In particular, as k( p)=6, there exist s # [u&1w&1, uw] and t # Q such that
xst # j and
xs&1Q & j=<. (4.3)
Now, since K acts transitively on j, there exists f # K such that xstf=x. Set
h :=stf. Then we have
xuh, xwh # (xP & j)"[x]=[xu, xw],
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whence h # CH(s). It follows that
j % x f=xt&1s&1h=xt&1hs&1 # xs&1Q,
contrary to (4.3).
Consequently, we must have w=u&1.
Now the second equation of (4.1) implies that a # CA(u). In particular,
|a|3. If a2=1, then u&1=g2 # K, and we are done. If a3=1, then
a # CA(P(u) ). Therefore, a fixes each orbit of u in X. This forces u # K. K
Since k(q)=4, there exists a unique element t of Q such that xPt & j=<.
Lemma 4.2. We have H & K=CA(PU).
Proof. From Lemma 4.1 we may easily deduce that CA(PU)H & K.
Hence, to complete the proof, it suffices to show that H & KCA(PU).
Since k( p)=6, there exists w # P"U such that xwQ & j{<. Thus, there
exists i # N"[0] such that xwti # j. But now kp=3 implies that
xUwti=xPti & j. (4.4)
Let a # H & K. Then, since KHtP, we have a # H & HtP=A. Now, by
(4.4), a fixes the set xUwti, whence a # CA(PU). K
Lemma 4.3. We have H=ANH(U).
Proof. Let m # Ht. Then, since k(q)=4, there exist e # K and w # P such
that xm=xew. In particular, mw&1e&1 # H & HtP=A, whence m # AKP. As
m is arbitrary, HtPAKP.
Since KNHtP(U), this implies
HtPANHtP(U)P=ANHt(U)P,
whence HtP=ANHt(U)P. Clearly, this implies Ht=ANHt(U). K
Lemma 4.4. We have [x]=32.
Proof. By Lemma 4.1, the subconfiguration of D which belongs to HP
is an affine plane on which HPC acts as a flag transitive automorphism
group. Thus, |H : NH(U)|=4. From Lemma 4.3 we may conclude that
|A : NA(U)|=|H : NH(U)|. Thus,
|A : NA(U)|=4. (4.5)
Clearly, A acts faithfully on P. Moreover, each subgroup of GL2(3) of
order divisible by 4 contains the center of GL2(3). Therefore, by (4.5), we
must have CA(PU)<NA(U), whence we get
|NA(U) : CA(PU)|=2. (4.6)
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Clearly, |HA|=4. Thus, by (4.5), (4.6), and Lemma 4.2, we have
|H : H & K|=32. Now, the desired result follows from the flag transitivity
of G on D. K
Lemma 4.5. If H$Aut(F ), then D$D45 .
Proof. Since kq=2, there exists y # xQ"[x] such that xQ & j=[x, y].
Let e # K be such that xe=y. Then e # HQ. On the one hand, this yields
e # K & HQHtP & HQ=Ht, (4.7)
and, on the other hand, it implies that ye=x. Thus,
e2 # Ht & H=A. (4.8)
Our hypothesis implies that Ht=A_Ct. Let s # C t be such that C t=(s).
Then, by (4.7) and (4.8), there exists a # A such that e=as2. It follows that
y=xs2, whence xQ & j=[x, xs2]. Now Lemma 4.1 yields
xU _ xUs2j.
Since 7k, j must contain an element z with z  xU _ xUs2. Let w # P and
i # N"[0] be such that xwsi=z. Since kp=3, z  xP(s
2). Thus, we may
assume that i=1. Since kq=2, z  xUQ. In particular, w  U.
Now, since k=12,
j=xU _ xUs2 _ xUws _ xUws&1.
By assumption, H$Aut(F ). Thus, G acts on D45 as a group of
automorphisms, where the action is defined by the construction of D45 . Set
(x g). :=Hg for each g # G.
Then . : X  [Hg b g # G] is bijective and j . is a block of D45 . On the
other hand, we obviously have (x g).=(x.) g for each g # G. Thus,
( j g).=( j .) g for each g # G. Clearly, this means that . is an isomorphism
from D onto D45 . K
Proposition 4.6. Let D be a 2-design which possesses a flag transitive
automorphism group with a point regular nilpotent normal subgroup of
order 45.
Then D$D45 .
Proof. Let G be a flag transitive automorphism group of D, and let F
be a point regular nilpotent normal subgroup of G. Let X denote the point
set of D, and suppose x # X. Set H :=Aut(F ). For each h # H and, for all
u, t # F, we define
(xu)ht=xuht. (4.9)
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It is easy to see that HF is a permutation group on X. Moreover, since
F acts regularly on X, CGx(F)=1. Let & denote the natural embedding of
Gx in H.
For each h # Gx and t # F, we set
(ht). :=h&t.
Then . is a monomorphism from G into HF. By (4.9), G and G. are
isomorphic as permutation groups on X.
Let B denote the block set of D and define
B :=[h g b h # B, g # HF] and D :=(X, B ).
Then, by Lemma 1.5, D is a 2-design on which HF acts flag transitively.
Now Lemma 4.4 yields B=B , whence D=D . On the other hand, by
Lemma 4.5, D $D45 . K
5. The Final Characterization of D45
In this section we shall prove the third main result of this paper. For the
sake of clarity we break up its proof into a sequence of lemmas. Clearly,
Proposition 4.6 will be the final argument of our proof.
Lemma 5.1. Let p and q be primes with p{q. Let e, f # N"[0] and
k, kp , kq , k( p), k(q) # N"[0, 1] be such that kp<pe,
kp k(q)=k=kq k( p),
and
peq f&1
k&1
=
pe&1
kp&1
=
q f&1
kq&1
. (5.1)
Then we have
(i) pe(kq&1)=kp(k(q)&1), q f (kp&1)=kq(k( p)&1).
(ii) pe=( pe&k( p))kq+kp , q f=(q f&k(q))kp+kq .
(iii) ( p, kq)=1=(q, kp).
(iv) kp(kp&1)(q f&k (q))=kq(kq&1)( pe&k( p)).
(v) k( p)kp=k(q)kq # N"[0, 1].
Proof. (i) It will clearly suffice to prove one of the equations given in (i).
114 PAUL-HERMANN ZIESCHANG
File: 607J 155914 . By:MB . Date:09:08:96 . Time:13:28 LOP8M. V8.0. Page 01:01
Codes: 2084 Signs: 1026 . Length: 45 pic 0 pts, 190 mm
From the first equation of (5.1) we get
pekqk( p)&pe&kqk( p)= peq fkp&peq f&kp , (5.2)
and the second one yields
pekq& pe&kq=q fkp&q f&kp . (5.3)
The second equation of (i) follows from (5.2) and (5.3).
(ii) is an immediate consequence of (i).
(iii) Assume that p divides kq . Then, by the second equation of (i),
p must divide kp&1. On the other hand, if p divides kq , then the first equa-
tion of (ii) implies that p divides kp , contradiction.
Thus, we must have ( p, kq)=1 and, similarly, (q, kp)=1.
(iv), (v) The first equation of (ii) implies that
( pe&k( p))(kq&1)=k( p)&kp ,
whence
( pe&k( p))(kq&1)
kp
+1=
k( p)
kp
. (5.4)
Thus, (v) follows from the first equations of (i), (ii), and (iii).
Similar to (5.4), one obtains
(q f&k(q))(kp&1)
kq
+1=
k(q)
kq
,
which together with (5.4) implies (iv). K
Lemma 5.2. Let p, q, e, f, kp , kq , k( p), and k(q) satisfy the hypotheses of
Lemma 5.1.
Then the following conditions hold.
(i) If kq divides kp&1, then k(q)+kqq f+1.
(ii) We have q f&k(q)=1 if and only if e is even, kq=2, and
q f= pe2+2.
Proof. (i) Define
$ :=q f&k(q).
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Assume, by way of contradiction, that kq divides kp&1 and
0<kq&$&1. (5.5)
Let : # N"[0] and d # N be such that ( p, :)=1 and kp=:pd.
By the first equation of Lemma 5.1(ii), kq divides pe&kp= pd ( pe&d&:).
Thus, by Lemma 5.1(iii), kq divides pe&d&:.
Set m :=min[d, e&d]. Then, by the second equation of Lemma 5.1(ii),
pm divides q f&kq . Since, by the first equation of Lemma 5.1(i), pm divides
k(q)&1, we thus must have
pm | kq&$&1. (5.6)
Now (5.5) yields pm<kq<pe&d, whence
2d<e, (5.7)
and, by (5.6), pd divides kq&$&1. Let _ # N"[0] be such that
kq=_pd+$+1. (5.8)
By the first equation of Lemma 5.1(i), : divides kq&1. Therefore, there
exists { # N"[0] such that
kq={:+1. (5.9)
By assumption, kq divides kp&1. Thus, there exists # # N"[0] such that
kp=#kq+1. (5.10)
From (5.8) and (5.10) we get
:pd=#_pd+#($+1)+1, (5.11)
and (5.9) and (5.10) yield
:pd=#{:+#+1. (5.12)
Clearly, (5.11) implies that #<:, and (5.12) implies that : divides #+1.
Thus, we have :=#+1. Moreover, (5.11) yields _=1, and consequently
pd=#($+1)+1. Therefore, we have
kp=
pd ( pd+$)
$+1
.
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On the other hand, by (5.8), _=1 implies that
kq= pd+$+1.
Now, the second equation of Lemma 5.1(ii) yields
q f&1=
($pd+$+1)( pd+$)
$+1
, (5.13)
whence, by the second equation of (5.1),
( pe&1)( pd+$)($+1)2=($pd+$+1)( pd+$)( p2d+$pd&$&1).
It follows that
pe&2d ($+1)2=$pd+$2+$+1 (5.14)
which implies
( pe&2d&1)($+1)2=$( pd&1). (5.15)
Observe that, by (5.7) and (5.15), 0<e&2d<d. Therefore (5.14) implies
that pe&2d divides $2+$+1.
Clearly, by (5.15), $ must divide pe&2d&1. Thus, there exists * # N"[0]
such that pe&2d=*$+1.
We now may conclude that *$+1 divides $2+$+1. Since this forces
*=$+1, we have
pe&2d=$2+$+1. (5.16)
Now (5.15) yields
pd&1=($+1)3, (5.17)
whence, by (5.16),
$+2= p3d&e | pe&2d=$2+$+1.
It follows that $=1. Now (5.17) and (5.13) yield q f=56, contradiction.
(ii) Assume that q f&k(q)=1. Then Lemma 5.1(iv) implies that kq
divides kp(kp&1). The first equations of Lemma 5.1(i) and (iii) yield
(kp , kq)=1. Thus, kq divides kp&1, so that, by (i), we must have kq=2.
Now, by the first equation of Lemma 5.1(i), pe=kp(q f&2), and the
second equation of Lemma 5.2(ii) yields q f=kp+2. Thus, we have
pe=k2p , 2 | e, and q
f= pe2+2.
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Conversely, assume that kq=2 and q f= pe2+2. Then the second
equation of (5.1) yields kp= pe2. Thus, by the second equation of Lem-
ma 5.1(ii), we must have q f&k(q)=1. K
Let p be a prime, let : # N, and let n # N"[0] be given. Following [9],
we shall write p: & n if p: divides n but p:+1 does not divide n. Moreover,
=p, n # N will be defined by p=p, n & n !.
Lemma 5.3. Let p be a prime, and let n # N"[0]. Then we have
=p, n(n&1)( p&1).
Proof. The lemma holds trivially, if n<p; so we may assume that pn.
Choose : # N"[0] maximal so that p:n. Then there exists b #
[1, ..., p&1] such that
bp:n<(b+1)p:.
It is easy to see that
=p, p:= p:&1+ } } } + p+1=
p:&1
p&1
. (5.18)
On the other hand, since bp&1,
=p, bp:=b=p, p: . (5.19)
If bp:=n, then the desired conclusion follows from (5.18) and (5.19).
If bp:<n, then we conclude that
=p, n==p, bp:+=p, n&bp: .
On the other hand, it follows by induction on n, that
=p, bp:+=p, n&bp:
bp:&1
p&1
+
n&bp:&1
p&1
<
n&1
p&1
. K
Lemma 5.4. Let p be an odd prime. Let a # N"[0, 1] and _ # N"[0] be
such that p_ & a&1.
Then the following holds.
(i) For each : # N, we have p_+: & a p:&1.
(ii) For each n # N"[0], we have
pn_+=p, n " `
n
i=1
(ai&1).
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Proof. (i) We proceed by induction on :. The assertion holds trivially
for :=0.
Assume that 1:. Then, by induction, p_+:&1 & a p:&1&1, whence the
claim follows from [9; Lemma 3.2(ii)].
(ii) We proceed by induction on n. Since =p, 1=0, the assertion holds
for n=1.
Assume that 2n. Let : # N be such that p: & n. Then we have =p, n=
=p, n&1+:. Moreover, (i) and [9; Lemma 3.2(i)] yield p_+: & an&1. Thus,
by induction,
pn_+=p, n= p(n&1)_+=p, n&1p_+: " `
n
i=1
(ai&1). K
Lemma 5.5. Let p and q be primes with p{q. Let d, f # N"[0] be such
that q f= pd+2.
Then pd does not divide |GLf (q)|.
Proof. Choose . # N"[0] minimal so that p divides q.&1, and define
_ # N"[0] by p_ & q.&1. Choose n # N"[0] maximal so that n. f.
Since p_ divides (q f&2, q.&1), . does not divide f. Therefore, we have
n.< f <(n+1)..
Since p_ divides q f&2&2(qn.&1)=qn.(q f &n.&2),
p_ | q f &n.&2.
Since p_ divides 2(q(n+1).&1)&(q f&2)=q f (2q(n+1).& f&1),
p_ | 2q(n+1) .& f&1.
Clearly, we have q f &n.&2{2q(n+1) .& f&1. Thus p2_<q.. But, by
hypothesis, q f= pd+2. Therefore, it follows that p2_f<q.f=( pd+2).,
whence
(_+1) f 2_f <(d+1)..
Now, by Lemma 5.3,
n_+=p, nn_+
n&1
p&1
<n(_+1)<d+1.
On the other hand, Lemma 5.4(ii) implies that pn_+=p, n & |GLf (q)|. K
Lemma 5.6. Let q be a prime. Let f # N"[0, 1] and h # N"[0] be such
that q f=2h+1.
Then q f=9.
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Proof. Let r be a prime divisor of f, and let m # N"[0] be such that
f =rm. Then
2h=q f&1=(qm&1) :
r&1
i=0
qmi,
whence r must be even.
As r is arbitrary, f is a power of 2. Let : # N"[0] be such that f =2:.
Then
2h=(q2:&1&1)(q2:&1+1),
whence q=3 and :=1. K
Lemma 5.7. Let p be a prime, and let X be a set with |X|= p2. Let G be
a permutation group on X with a regular normal subgroup.
Assume that Gx $GL2( p) for each x # X.
If KG with 12 p
2<|xK|< p2, then p&1 divides |xK|.
Proof. Set H :=Gx and Y :=xK. By P we denote the minimal normal
subgroup of G.
Assume first that there exists BP such that |B|= p and KNG(B).
Define
X :=[xBu b u # P] and Y :=[Z # X b Y & Z{<].
Obviously, NG(B)CH(PB)B acts as a Frobenius group on X . Further-
more, the homomorphic image of K in NG(B)CH(PB)B acts transitively
on Y . On the other hand, by hypotheses, 12 p
2<|Y|, whence 12 p<|Y |. Thus,
we have
|Y | # [ p&1, p]. (5.20)
Let Z # Y . Then there exists u # P such that Z=xBu. Note that
NHu(B)BCHu(B) acts as a Frobenius group on Z. Thus, by an argument
similar to that of the preceding paragraph, we obtain
|Y & Z| # [ p&1, p]. (5.21)
Now the claim follows from (5.20) and (5.21).
Assume now that K acts irreducibly on P.
Define N :=Z(H)P.
Consider first the case K & N{1.
Since N is a Frobenius group with kernel P and complement Z(H), there
exists u # P such that K & NZ(Hu). Therefore, NP(K & N)=1, whence
KNG(K & N)=Hu.
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Without loss of generality, we may assume that u=1. Then we have
KH.
Define
X :=[xA b 1{A<P] and Y :=[Z # X b Y & Z{<].
Let Z # Y . As K acts transitively on Y, |Y & Z| does not depend on the
choice of Z # Y . Thus, we must have 12 p<|Y & Z|.
Let AP be such that Z=xA. Observe that NH(A)A & K acts transitively
on Y & Z. Furthermore, since 12 p
2<|Y|, 12 p<|Y & Z|. Thus, as NH(A)A
CH(A) acts as a Frobenius group on Z, we must have |Y & Z| # [ p&1, p].
Since KH, we conclude that |Y & Z|= p&1, whence p&1 divides |Y|.
Assume next that K & N=1.
If p divides |K| , then, since Op(K)=1, K possesses a normal subgroup S
such that S$SL2( p). From Z(S)K & N=1 we now may conclude that
p=2 in which case the lemma is obviously true.
If p does not divide |K|, then |K| divides p2&1, as K & N=1. Thus,
|Y|=|K|= p2&1 which forces Z(H)K. This contradiction completes the
proof of the lemma. K
Theorem 5.8. Let D be a 2-design. Assume that D possesses a flag
transitive automorphism group with a point regular nilpotent normal sub-
group which is not a p-group.
If one of the (two) factor configurations of D is not a 2-design, then
D$D45 .
Proof. Let G be a flag transitive automorphism group of D, and let F
be a point regular nilpotent normal subgroup of G. Then, by Proposition
1.3 and Proposition 1.4(i), there exist primes p and q with p{q and
e, f # N"[0] such that F is the direct product of two elementary abelian
groups P and Q with |P|= pe and |Q|=q f.
Let x be a point of D, and set H :=Gx . Let k denote the block size of
D. Let further kp (respectively kq) denote the block size of the subcon-
figuration of D which belongs to HP (respectively HQ), and let k( p)
(respectively k(q)) denote the block size of the factor configuration of D
which belongs to HQ (respectively HP).
Without loss of generality, we assume that the factor configuration of D
which belongs to HP is not a 2-design. That means that q f&k (q)=1. Now
Lemma 5.2(ii) yields
kq=2 and q f= pd+2,
where d :=e2. In particular, by the second equation of Lemma 5.1(ii),
kp= pd and k= pd ( pd+1).
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Let j # (x), and set K :=Gj , A :=CH(Q), C :=CH(P), and Ko :=K & AP.
Assume that pe&1 has a prime divisor s such that, for each
i # [1, ..., e&1], s does not divide pi&1.
Since G acts flag transitively on D, we have |K : H & K|=k. Thus,
s | |K : H & K|. (5.22)
Let So # Syls(Ko). From SoK & AP we conclude that So fixes the set
xP & j of size pd. Therefore, So has at least two fixed points in xP & j which
implies that CP(So){1. Now the choice of s yields CP(So)=P, whence
SoCAP(P)=P. It follows that So=1 which means
(s, |Ko | )=1. (5.23)
Let S # Syls(K). From (5.23) and [1; 18.7(1)] we conclude that Ko
possesses an S-invariant Sylow p-subgroup Po . Note that pd divides |K|.
Thus, Lemma 5.5 yields
Po {1.
Assume that S CG(P). Then, by [9; Theorem 3.5], S acts irreducibly
on P. In particular, PoCAP(P)=P which leads to the contradiction
P=PoK.
Assume that SCG(P)=CF. Since CQ \CG(P), this implies that
SCQ. In particular, S fixes the set xQ & j of size 2. This yields SH,
contrary to (5.22).
Thus, we have shown that pe&1 has no prime divisor s such that, for
each i # [1, ..., e&1], s does not divide pi&1. Now [12] yields e=2;
moreover, p is a Mersenne prime. It follows that q f&1 is a power of 2,
whence, by Lemma 5.6, we have q f=9 or f =1.
In the first case, we obtain pe=49. Thus, the first equation of Lemma
5.1(ii) yields k( p)=28, contrary to Lemma 5.7. (Note that Lemma 1.1(iii)
implies that 12 p
e<k ( p).)
Thus, we have f =1 which implies that |F |=45. Now the assertion
follows from Proposition 4.6. K
Corollary 5.9. Let D be a 2-design. Assume that D possesses a flag
transitive automorphism group with a point regular normal subgroup of order
peq, where p and q are primes with p{q and e # N"[0].
Then D$D45 .
Proof. Let G be a flag transitive automorphism group of D, and let R
be a point regular normal subgroup of G. Then, by hypothesis, |R|= peq.
We may assume without loss of generality that |Op(R)|= pe; see Proposition
1.2(i) and Theorem 2.5.
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Let x be a point of D, and set H :=Gx . Let kp denote the block size of
the subconfiguration of D which belongs to HOp(R), and let k(q) denote the
block size of the factor configuration D(q) of D which belongs to HOp(R).
If R is not nilpotent, then, by Theorem 2.5, Op(R) is a minimal normal
subgroup of G. Thus, we conclude that q divides pe&1. In particular, by
Lemma 1.1(iii), q divides kp&1, contrary to Lemma 1.1(iv).
Thus, we have shown that R is nilpotent. Lemma 1.1(iii) implies that
1
2q<k
(q). Since GkerHOp(R)(G) acts flag transitively on D
(q), we must have
k(q)=q&1. Now D(q) is not a 2-design. Therefore the assertion follows
from Theorem 5.8. K
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